Renormalization group procedure for effective particles is applied to the model quantum theory of free fermions to which one adds an interaction in the form of a mass mixing term. If one used a standard approach based on the instant form of dynamics, the theory would suffer from a generic vacuum problem caused by a divergent production of virtual quanta out of a bare vacuum and it would require an adjustment of its degrees of freedom to the added interaction term before quantization, considered a means of avoiding the quantum vacuum problem. In the effective particle approach, the quantum vacuum problem is dealt with instead by using the front form of dynamics, where the pair production is excluded by momentum conservation. The corresponding Hamiltonian includes mass parameters through constraint equations while the required quantum field operators are constructed independently of all mass parameters, including the parameters that appear in the added mass mixing interaction term. Then the masses and states of physical fermions emerge at an end of the non-perturbative calculation that is carried out entirely in one and the same interacting quantum theory with a trivial vacuum and no quantization adjustment. An a priori infinite set of renormalization group equations for all momentum modes of fermion fields is reduced to just one equation for a two-by-two mass squared matrix, thanks to 7 kinematical symmetries of the front form (the instant form has only 6). For strong mass mixing interactions, the fermion model solutions qualitatively differ from the analogous, earlier found boson model solutions by the absence of tachyons.
INTRODUCTION
It has been recently shown [1] that a theory of quantum scalar fields with mass mixing interactions can be solved non-perturbatively using the renormalization group procedure for effective particles (RGPEP). This article shows that the RGPEP can also solve a quantum theory of fermion fields with arbitrarily strong mass mixing interactions. Thus, RGPEP is found to pass the test of solving elementary theories beyond perturbative expansions. For example, the procedure demonstrates that the fermion theories do not have tachyon solutions no matter how strong the mass-mixing interactions are, in distinction from the boson theories that have tachyon solutions for sufficiently strong mass-mixing interactions.
The theories of fermions or bosons with mass mixing interactions can be constructed using different forms of dynamics [2] . The most commonly used form of dynamics is called the instant form (IF) , where the evolution of a system is traced from one time to another. Both the boson and the fermion theories exhibit an ultraviolet divergent vacuum problem in their IF versions. The problem is caused by a copious creation of virtual particle pairs of unlimited virtuality [3] . The only IF method that the author knows for circumventing the vacuum problem caused by mass mixing is to return to a classical theory and to change the quantization procedure in a way that depends on the mass-mixing interaction. This method is called here re-quantization. Unfortunately, it is not clear how to apply the method of re-quantization to theories of great physical interest, such as QCD or the electro-weak theory with massive neutrinos. The reason is that the corresponding relativistic quantum interactions are not sufficiently understood to establish if there exist some classical degrees of freedom that are suitable for the purpose.
The RGPEP is systematically applied to a quantum theory with mass mixing interactions without any need for re-quantization. The vacuum problem is avoided in the RGPEP by using an alternative form of dynamics to the IF. The alternative form is called the front form (FF) [2] . In the FF, the evolution of a system is traced from one value of t + z to another. The creation of pairs out of the bare vacuum by a translation invariant interaction, which by necessity conserves momentum, is not possible in a regulated FF theory since the pairs must carry a non-zero kinematical momentum while the vacuum carries zero. Moreover, the FF has 7 kinematical symmetries instead of only 6 in the IF and the RGPEP preserves these 7 symmetries. The symmetries result in a reduction of an infinite set of differential renormalization group equations for all Fourier components of quantum fields to just one 2×2 matrix equation for masses of effective particles. This is not a mere computational simplification because the reduction of solving a mass-mixing theory to solving just two coupled RGPEP equations for the masses of effective particles allows one to avoid the issue of regulating the theory in ultra-violet and subsequently removing the ultra-violet cutoff dependence from observables, in order to recover the Lorentz symmetry in the spectrum of solutions (see below).
Some details of construction of quantum fermion fields in the RGPEP are worth mentioning because they are helpful in handling the FF constraint equations and the Lorentz symmetry. In distinction from the IF quantum fermion fields, the unconstrained parts of the FF quantum fermion fields have only two components instead of four and these two are constructed purely kinematically in terms of their Fourier components. Hence, the unconstrained quantum fields do not depend on the fermion mass parameters. These parameters only enter in the Hamiltonian as coefficients of products of the quantum fields, as a consequence of the constraint equations. Thus, the FF construction of quantum fermion field operators avoids the IF difficulties due to assigning masses to fermions as if they were free while the Hamiltonian includes interactions. More generally, the little group [4] that preserves the front allows one to build states and operators for fermions with arbitrary kinematical momenta irrespective of the interaction. Such purely kinematical construction of quantum field operators is not possible in the IF theory. The reason is that the motion of fermions in the IF requires a spinor representation of the Lorentz boosts. A priori, the boost generators depend on interactions and the simplest form of such dependence occurs through the mass terms. This is also why the IF Fourier expansion of quantum fermion fields depends on the fermion masses.
Comprehensive description of the RGPEP for fermions requires several elements that are collected in several Appendices, in order to avoid crowding the main text with details. However, the main text does include the details that concern basic features of quantum field theory, a subject of a long history [5, 6] and unyielding relevance [7] . The only details that are not discussed comprehensively concern regularization of fermion fields. These details are not required for completeness of the article because the RGPEP equations turn out to reduce to two equations for mass parameters only and these equations are entirely independent of particle momenta in our mass mixing models (this is a consequence of a general design of the RGPEP). Thus all regularizations based on limiting a momentum range in the Fourier expansion of quantum fields are of no consequence for the obtained solutions and the solutions satisfy all requirements of special relativity and quantum mechanics within any finite range of momentum under consideration.
So, the article point is not just that the RGPEP can be used to solve a simple theory, but that it is defined in quite general terms and works well in the test case with fermions, in addition to the test it had passed earlier for bosons [1] . Of course, solutions of the RGPEP equations in complex theories cannot be found as easily as in the simple models with mass mixing. Nevertheless, one may hope that the RGPEP will help in searches for feasible ways of constructing numerical approximations to solutions of complex relativistic theories, such as the FF version of QCD [8] .
The article is organized as follows. Section II describes the model theory of fermions with mass mixing interaction terms in the standard approach based on the IF of dynamics. One starts with constructing a quantum theory of free fermions, adds mass mixing interactions, discovers the divergent vacuum problem, and goes back to the classical theory in order to re-quantize it using new fields and thus get rid of the vacuum problem. The outcome is an expectation of how the solution to the quantum theory of fermions with mass mixing interactions could look like. Section III describes the FF approach. Once the FF quantum theory is defined, by constructing the unconstrained quantum field operators kinematically and taking into account the constraint equations in constructing the FF Hamiltonian, the vacuum problem is absent because the interaction terms do not create pairs from the bare vacuum state. The RGPEP procedure is then applied to solving the quantum theory without any need for re-quantization. The procedure leaves the trivial vacuum state unchanged. At the end of the RGPEP, one arrives at the same spectrum of solutions as the one expected on the basis of re-quantization in the IF. Sec. IV concludes the article by an explanation of a qualitative difference between the fermion and boson models concerning tachyons when the mass mixing interactions are strong. Appendix A describes a representation of γ matrices that is useful in constructing FF theories. Kinematical construction of the FF quantum fermion fields is described in Appendix B. For completeness, Appendix C recapitulates elements of the RGPEP in general terms. Explicit solutions of the RGPEP equations in the fermion model are described in Appendix D.
II. IF THEORY OF MASS MIXING
We start our discussion with a brief recollection of the commonly known IF theory of free fermion fields. For simplicity, we explicitly consider just two fields. The quantum theory is obtained by imposing anticommutation relations on the fields. Then we add the mass mixing interaction term to the free Hamiltonian and thus obtain an elementary example of the Dirac vacuum problem [3] . The problem is then dealt with by going back to a classical theory and introducing two new fermion fields for which the classical Lagrangian density does not contain mass mixing terms. The FF approach based on the RGPEP will be shown in Sec. III to be different.
A. IF free fermions
Consider the Lagrangian density,
for two types of fermion fields ψ and φ with masses µ and ν. Variation of the action A = d 4 x L with respect toψ andφ yields the Dirac equations of motion
The corresponding IF Hamiltonian has the form
where T 00 = H denotes the energy density, i.e., the ρ = σ = 0 component of the energy-momentum density tensor
The resulting Hamiltonian reads
For the purpose of constructing a quantum theory, the Fourier decomposition of the fields at x 0 = 0 is arranged in the forms
We explicitly explain the notation for the field ψ. Notation for φ is obtained by replacing the mass µ with ν. The meaning of summing over spins and integrating over momentum is defined by
E µp = µ 2 + p 2 , etc. The subscript µ refers to the dependence on the mass parameter. The spinors are obtained by boosting spinors at rest (cf. Ref. [9] , Chap. 3),
where the boost matrix in the spinor representation,
acts on the spinors that correspond to fermions at rest. In the representation of γ-matrices used in Ref. [9] , see Eq. (A2) in Appendix A, the spinors at rest are the ones given in Eqs. (A8) and (A9) after multiplication by √ 2µ. The quantum fieldψ is obtained from ψ by replacing the Fourier coefficients b and d with operators. The nonzero anti-commutation relations the resulting operators satisfy read
The quantum fieldφ is obtained in a similar way keeping ν in place of µ. The quantum Hamiltonian takes the form
where the symbols : denote normal ordering of the operators between them, i.e., creation operators are put to the left of the annihilation operators. Such ordering involves dropping an infinite additive numerical constant of dimension energy from the Hamiltonian.
To avoid the infinity, one would have to limit the range of momentum in the Fourier expansion of the quantum fields and the size of space volume in which the theory is being constructed. On the other hand, a numerical constant does not contribute to the resulting quantum mechanics and can be ignored. This is justified by saying (e.g., see Ref [10] , p. 297) that the resulting quantum Hamiltonian has the structurê
which is physically right for counting energy of free fermions. The subscript 0 is used to indicate that there is no interaction. All the relations given above are commonly known. They are given here for the purpose of observing that the construction of quantum fields in the IF of dynamics relies on the representation of boosts for fermions that is valid only if they are free. The issue is that in a theory with interactions the complete boost operators depend on the interactions. The boosts do not belong to the little group [4] associated with a time-like four-vector n that defines the canonical quantization hyperplane in space-time through condition nx = x 0 = 0, where x denotes the co-ordinates of points in space-time in the frame of reference of an observer who carries out the quantization procedure and whose world-line lies along n. The general feature of boosts depending on interaction is also exhibited in the case of the mass mixing interaction to be discussed below. Not only the mass parameters must be chosen properly in the IF quantization of fields but also the quantum creation and annihilation operators need proper definitions. Such definitions are necessary in order to avoid the IF Dirac vacuum problem [3] described in Sec. II B below. In general, however, one does not know what mass parameters and operators to assign to fermions in the IF construction of a quantum field theory in the presence of interactions, especially in the case of strong interactions to which one cannot apply any perturbative procedure that starts from the free particle approximation. The ultimate difficulty with the free fermion mass assignment is encountered in the case of confined quarks. It is hence helpful to keep in mind while following further discussion of the theory of fermions with mass mixing in the IF of dynamics that the FF construction of the theory is different and does not require any assignment of masses to fermions in the definition of quantum field operators on the front where the initial conditions are specified.
B.
IF mass mixing and the vacuum
The Lagrangian density including the mass mixing interaction is defined by writing
The corresponding quantum Hamiltonian of canonical IF quantization procedure (e.g., see Refs. [9] [10] [11] ) iŝ
whereĤ 0 is given in Eq. (16) and the interaction term readsĤ
Using the Fourier expansions for the quantum fields described in previous section, integrating over space and performing normal ordering, one obtainŝ
The HamiltonianĤ can be considered an operator in the Fock space whose basis states are created from the bare vacuum state |0 by products of creation operators. The state |0 is defined by the condition that it is annihilated by all annihilation operators in the theory. Unfortunately, the interaction HamiltonianĤ I is able to copiously create fermion-anti-fermion pairs from the bare vacuum state |0 no matter how small the mass mixing parameter m is. Such creation leads to the divergences that were considered severe enough to question the existence of the Schrödinger picture in QED [3] . Indeed, the vacuum problem in the mass mixing model is an elementary example of the general vacuum problem in relativistic quantum field theory with interactions. The general vacuum problem has a long history of attempts to solve it, motivated by its basic significance in physics. The literature concerning the problem is very rich. The list of Refs. [3, 8, [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] amply illustrates this statement. Despite that the list is greatly incomplete and partly biased by the stress on works that concern differences between formulations of the vacuum problem in the IF and FF of dynamics, the quoted works are indicative of the development of ideas concerning the vacuum problem over recent half of a century.
Our further discussion is limited to the simple mass mixing model. We proceed to an explanation of the divergences that appear in its vacuum problem.
Consider the pair-creation term inĤ I of Eq. (20) ,
This term is analogous to the model Hamiltonian term of Eq. (9) in Ref. [3] . The termĥ contains the spinor product
where the two-component spinors χ s are the ones introduced in spinors of fermions at rest, u µ0s and v µ0s in Eqs. (10) and (11) . The eigenvalue problem for the ground state ofĤ involvesĥ. The state obtained by acting withĥ on the bare vacuum,
differs from the bare vacuum. The question arises how to find the true ground state of the theory, if it is not |0 . If a partĥ ofĤ I produces |h = 0, the ground eigenstate ofĤ must involve the component proportional to |h once it contains a component proportional to |0 . Then the termĥ † in the sameĤ I produces a state of an infinite norm when acting on |h . Further action ofĥ andĥ † produces states with additional pairs and infinities. The ground state would have to involve some combination of all of them. Ref. [3] points out that the problem with ultra-violet divergences in all these states leads to violation of the Lorentz symmetry in a mathematically well-defined theory. In our example, the corresponding reasoning could go as follows.
Since |h is an eigenstate of the three-momentum operator with eigenvalue 0, it has, as all eigenstates of the three-momentum operator, a norm squared proportional to the volume of space, or
. This is a general feature and it does not pose serious problems for application of a theory to the description of physical phenomena of a finite size. However, a direct evaluation yields
This result means that the norm of |h is infinite unless the number of momentum states of a single fermion in the theory is limited by some ultraviolet cutoff, say Λ, on | p |. Otherwise, action ofĤ I takes states out of the Hilbert space. To obtain a mathematically acceptable theory, the Fourier expansion of the fermion fieldsψ( x ) andφ( x ) at x 0 = 0 must be cut off at some finite Λ, or regulated in some other way in the ultra-violet so that the range of momenta is effectively limited by some Λ. But every finite cutoff Λ on particle momenta violates the Lorentz symmetry. Since this symmetry is believed to be physically valid to a great precision, the theory with a finite cutoff faces the problem of applicability in physics. In particular, the theoretical assumption that there exists a vacuum state that is invariant with respect to the Lorentz transformations is not compatible with a precisely defined theory.
The ultra-violet divergent pair creation that causes the vacuum problem also leads to divergences in other states and the Schrödinger evolution operator exp(−iĤt) cannot be understood as an operator in terms of the corresponding Taylor series acting on any state. The question then arises if a relativistic quantum theory with a mass mixing interaction can be formulated in the IF of quantum Hamiltonian dynamics. The positive answer to this question that is discussed below in Sec. II C involves a well-known procedure that we call the IF requantization. However, although the re-quantization works for the mass mixing model, it does not tell us at all how to seek a solution of the general vacuum problem in other theories, as the half of a century of research we refer to above attests. The alternative approach that is based on the RGPEP, and can be employed to study also other theories, will be discussed later on in Sec. III.
C. IF re-quantization
The Lagrangian density of Eq. (17) can be written in the equivalent form
where the field Ψ is a double size fermion field built from the two four-component fields ψ and φ,
so that Ψ has altogether 8 components. The mass symbol M stands for the 8 × 8 mass matrix, formed out of four 4 × 4 unit matrices multiplied each by µ, ν, or m,
Let the notation be arranged so that µ−ν > 0. This is always possible except for the case of fermions with equal masses, i.e., µ = ν, which is special and will be commented on separately in further discussion. The eigenvalues and normalized eigenvectors of the mass matrix M are
where
The double size fermion field Ψ can be written in terms of two new four-component fields ψ 1 and ψ 2 using the eigenvectors of M ,
The new four-component fermion fields are
The IF re-quantization is based on expressing the classical Lagrangian density of Eq. (17) in terms of the fields ψ 1 and ψ 2 . Since these fields multiply the orthogonal eigenvectors of M , they are multiplied in the Lagrangian by the corresponding eigenvalues m 1 and m 2 and they are not mixed by M . Since the Lagrangian density term with i∂ / is the same for both fields ψ and φ and does not mix them, the orthogonal rotation of fields from ψ and φ to ψ 1 and ψ 2 does not alter this term. The Lagrangian density of Eq. (17) takes the form
One can now quantize the independent fields ψ 1 and ψ 2 as if they were free, because there is no interaction between them; the mass mixing is removed at the classical level of dealing with the fields. The only effect of the original mass mixing interaction is that the masses m 1 and m 2 are the eigenvalues of M . We call this new quantization a re-quantization because it removes the mass mixing interaction terms that caused trouble in the original quantum theory of fieldsψ andφ. We have stepped back to the classical theory, introduced new field variables ψ 1 and ψ 2 , and now we construct the new quantum operatorsψ 1 andψ 2 instead of struggling with the old onesψ andφ. The quantum operatorsψ 1 andψ 2 are obtained by imposing standard anti-commutation relations of the type indicated in Eqs. (13) and (14) . Following the same steps that previously led to Eq. (16), one now obtainŝ (38) which is a quantum IF Hamiltonian for two types of free fermions with masses m 1 and m 2 . The vacuum problem appears now absent because the mixing is classically included in the new mass parameters and the re-quantized theory does not produce terms of the type b
The situation is similar to the one in scalar theory with mass mixing interactions discussed in Ref. [1] . Disappearance of terms such as b † d † results from the choice of masses in E m1p and E m2p . However, instead of using these energies for constructing the time derivatives of fields that play the role of canonical momenta, one constructs the corresponding spinors whose matrix elements in front of the terms such as b † d † vanish. As in the scalar case, the author does not know of any practical extension of the IF re-quantization recipe for fermion mass mixing that could be systematically applied in relativistic theories with other interactions beyond the perturbative expansion that is based on a free particle approximation with nearly precise match between the theoretical Lagrangian mass parameters and masses of physical particles. The RGPEP will be shown below to deal with the mass mixing interaction quite differently, entirely within a quantum theory ofψ andφ, i.e., without a need to define new fields ψ 1 and ψ 2 and quantizing them from scratch to defineψ 1 andψ 2 . This means that the RGPEP works in a way that can be systematically tried also in application to other types of interaction than just the mass mixing.
III. FF THEORY OF MASS MIXING
The FF of dynamics aims at description of the evolution of a system from one hyperplane of constant x + = x 0 +x 3 to another [2] , with the front x + = 0 used to set up a quantum theory. We use notation v
2 ) for all four-vectors. The same convention is adopted for denoting components of all tensors. In particular, ∂ ± = 2 ∂/∂x ∓ and ∂ ⊥ = −∂/∂x ⊥ . In the FF of dynamics, it is useful to consider the Lagrangian density of Eq. (17) in the form of Eq. (27) . The Euler-Lagrange equations read
Using conventions described in Appendix A, one can write these equations as
Projection with Λ + yields equations of motion that involve ∂ − ,
Projection with Λ − produces complementary constraints, i.e., equations that do not involve ∂ − ,
In deriving the corresponding FF Hamiltonian, one can take advantage of Refs. [29, 30] and obtain
with the energy-momentum density component
The density involves the non-local inverse of the differential operator,
For finite and non-zero momentum arguments of the Fourier transformf (p + , p ⊥ ) of the function f (x − , x ⊥ ) that vanishes at the FF "spatial" infinity, this operation means simply dividing by p + . It will be shown below that the RGPEP equations in the mass mixing model are completely independent of the momentum variables p + and p ⊥ . Therefore, one does not have to deal here with subtle aspects of modes with p + = 0. Having accepted the inverse of i∂ + as a division of the Fourier components by their p + , one has
The next step is to define the corresponding quantum theory.
A. FF quantization
The quantum HamiltonianP − defined bŷ
can be obtained by using the representation of the γ matrices defined in Appendix A and taking advantage of the results for spinors and quantization of a fermion field in Appendix B.
In analogy to Eq. (B26), one can write classical fields at x + = 0 in the form
In the representation of γ-matrices defined in Eqs. (A22) and (A23), one has
so that the double size fermion field Ψ + is composed of the two-component fermion fields ζ(x) and ω(x) according to
The quantum fieldsψ + andφ + are obtained by changing the classical fields ζ(x) and ω(x) to operators according to the pattern of Eq. (B30), witĥ
and the operators b ζps , d ζps , b ωps , and d ωps , annihilate fermions and anti-fermions of two kinds, respectively. The non-zero canonical anti-commutation relations at
correspond to
The above operator representations of quantum fermion fieldsζ(x) andω(x) at x + = 0 are universal in the sense that they are independent of the fermion mass parameters.
In terms of the quantum fieldsζ(x) andω(x), the Hamiltonian of Eq. (49) readŝ
where the free Hamiltonian iŝ
and the interaction Hamiltonian iŝ
The interaction contains terms linear in the mass mixing parameter m and terms quadratic in m. The latter appear because of the FF constraint equations. Evaluation of the Hamiltonian in terms of the creation and annihilation operators yieldŝ
where 63) is now considered an initial condition,
in the RGPEP scale evolution of P − t according to the equation (see Appendix C)
The prime denotes differentiation with respect to the scale parameter t that ranges from 0 at the beginning and tends to ∞ at the end of the RGPEP evolution. The equation is further explained in Appendix C. Equation (66) is the same general RGPEP equation that is used in the case of boson mass mixing and can also be used in other quantum field theories. Direct inspection of how Eq. (66) works in the fermion mass mixing model (see below) allows one to write a general solution for P − t in the form
where the spin-independent coefficients are
and the initial conditions at t = 0 read
Note that the negative initial mixing term coefficient m implies a negative initial value of m 2 t , which means that the notation m 2 t is merely a formal indication that its dimension is mass squared but the value can be negative.
Boost invariance
We explain how the design of the RGPEP leads to boost invariant evolution equations for mass parameters alone, which happens because the RGPEP preserves all kinematical symmetries of the FF and the mass mixing interactions in P − t are sufficiently simple. The formal features described below are shown in Sec. III D to lead to the Lorentz symmetry in the spectrum of solutions in the model fermion theory.
According to the general RGPEP rules described in Appendix C, the operators P − f and P − P t in Eq. (66) are
The resulting RGPEP generator is
Consequently, Eq. (66) reads
Equating coefficients in front of the same operators on both sides of the last equation, one arrives at an infinite set of equations; 6 for every momentum mode p, i.e., 3 equations for every choice of p and spin s. Namely,
The equations are independent of spin. Moreover, they can be written using Eqs. (68), (69) and (70) as
It is visible that the momentum variables p + and p ⊥ drop out from the infinite set of equations and every momentum mode p in the FF Fourier expansion of quantum fields evolves independently of its spin and only to the extent that the mass parameters evolve. These parameters evolve according to the set of just 3 equations, which is the same for all momentum modes and spins, see Eqs. (85), (86) and (87) below.
Evolution of effective mass parameters
The RGPEP equations for the mass parameters are 
which means a change in the RGPEP generator mentioned below Eq. (C8) in Appendix C, yields a slightly different set of equations,
This set of 3 equations matches the matrix Eq. (A1) in [1] that resembles Wegner's equation [31] [32] [33] for 2 × 2 Hamiltonian matrices. Again, since these equations are the same as for bosons, the only difference between the fermion and boson solutions comes from the initial conditions that reflect the presence of constraints for fermions. Solutions to Eqs. (88), (89) and (90) lead to the same results for t → ∞ as solutions to Eqs. (85), (86) and (87) discussed below.
C. Solutions to the RGPEP equations
Solutions to Eqs. (85), (86), and (87) are derived in Appendix D. They differ from the solutions for bosons with mass mixing [1] due to the change of initial conditions for mass terms,
The 
2 is replaced by m(µ + ν) and the ratio 2m 2 /(µ 2 − ν 2 ) becomes 2m/(µ − ν). (30) . Since M is hermitian, its eigenvalues are real. This means that the eigenvalues of M 2 cannot be negative no matter how strong the mixing parameter m is. This feature distinguishes the mass mixing for fermions from mass mixing for bosons. The difference is further discussed below.
Solutions of the
The eigenvectors of M 2 are the same as eigenvectors of M . Therefore, the angle of rotation ϕ that appears in the eigenvectors v 1 and v 2 in Eq. (31) is reproduced in the RGPEP when t → ∞. This is how the RGPEP solves the mass mixing theory without any need for requantization.
We also observe that solutions to the RGPEP Eqs. (88), (89), and (90) that are obtained using the generator with running effective masses, produce the same values of masses in the limit t → ∞. For finite values of t, the corresponding angle of rotation ϕ t (see Appendix D) is different but otherwise there is no difference in comparison to solutions to Eqs. (85), (86), and (87) with constant masses in the generator.
In solving the RGPEP equations, as described in Appendix D, a convenient variable in place of t is u = δµ 4 t, where δµ 2 = µ 2 − ν 2 > 0. If µ 2 = ν 2 , the mass parameters do not evolve with t, irrespective of the initial value of mass-mixing parameter m. In this special case, one can introduce an auxiliary difference between µ and ν and one can seek solutions in the limit of the auxiliary difference going to 0, as had already been suggested in Ref. [1] . For example, such artificial splitting of degenerated fermion masses would have to be introduced in the case of local theories with massless fermions, including theories with chiral symmetry. A prominent example of the FF quanta for which a small deviation from mass degeneracy is involved in defining the parameter u are neutrinos [34] .
D.
Spectrum of the theory
The initial Hamiltonian,P − in Eq. (63), is transformed as a result of the RGPEP tô
where P − t is given in Eq. (67) and U t is taken from Eq. (D24). Thus,
where the t-dependent annihilation operators are defined by Eqs. (D41), (D42), (D43), and (D44). The corresponding creation operators are defined through hermitian conjugation. The coefficients A tp , B tp , C tp are defined in Eqs. (68), (69) and (70), and the t-dependent mass parameters in them are given in Eqs. (D13), (D14), (D15), (D16). The RGPEP secures that the Hamiltonian P − as an operator does not depend on t while the creation and annihilation operators and coefficients of their products inP − do depend on t, in such a way that in the limit of t → ∞ the mass mixing term disappears, lim t→∞ C tp = 0.
The eigenvalues and eigenstates ofP
− do not depend on t. One can construct the eigenstates using creation operators corresponding to any value of t one chooses. Having chosen operators for some selected value of t, one can apply them to the bare vacuum state |0 and create a basis in the FF Fock space. The bare vacuum does not depend on t (it is annihilated by all annihilation operators, irrespective of the value of t). If one chooses certain t for creation and annihilation operators and construction of the Fock-space basis, the easiest Hamiltonian to work with is the one expressed in terms of the same operators.
In principle, one can also work with different operators for constructing states and Hamiltonians. This option involves potentially complex formulae that include logarithms and other functions of the ratios of corresponding scales in complex theories. For example, such setup is useful in the description of form factors and structure functions of hadrons because the external probes may distinguish a considerably different scale from the one that is most convenient for solving the hadron mass eigenvalue problem. The scale evolution of the parton distributions appears in the transformation matrix between the effective quanta used in the eigenvalue equation and the effective quanta corresponding the external probe scale [26] .
The wave functions of eigenstates in the basis constructed at some t depend on t. In general, the larger t the more limited the spread of wave functions in total invariant masses of constituent states around the eigenvalue mass squared. In the fermion mass mixing case, the wave functions are simple to describe because one knows them exactly.
The limit of t → ∞
The simplest choice of t to work with is t → ∞, since in this case there is no mass mixing, C ∞p = m 2 ∞ /p + = 0. Thus, the effective theory with t = ∞ is a theory of free fermions with masses m 1 and m 2 , with a correspondingly simple spectrum. Namely, in the limit of t → ∞,
where the operators with subscript ∞ are given in Eqs. (D41), (D42), (D43), and (D44) with t = ∞, i.e., with the angle ϕ ∞ given by Eq. (D52), matching the angle ϕ found in Eq. (33) as an ingredient of the IF requantization procedure in Sec. II C,
Hence, the eigenvalues of the HamiltonianP − in Eq. (94) are free FF energies of n ∞1 fermions and anti-fermions of mass m 1 and n ∞2 fermions and anti-fermions of mass m 2 , each with some momentum components p + and p ⊥ and spin z-axis projection s, no more than 1 particle in any state with the same momentum and spin (i.e., in agreement with the Pauli exclusion principle for effective fermions),
The spectrum is degenerate. The eigenstates can be closely identified because the RGPEP provides expressions for the corresponding creation operators. A complete set of eigenstates (not normalized) is defined by writing
where |0 denotes the bare vacuum state. |0 is annihilated by all annihilation operators for all values of t and it can be treated as one and the same state for all values of t.
The eigenstates in Eq. (99) can also be written as combinations of states created from the same vacuum state by products of the creation operators in the FF Fourier expansions of the fieldsζ andω in Eqs. (54) and (55) at t = 0. For states with a large number of fermions, a simple eigenstate made of the effective particles with t = ∞, i.e., physical fermions, is a complex mixture of many states made of bare particles corresponding to t = 0.
Strong mass mixing
The mass mixing interaction with |m| > √ µν causes the smaller one of two eigenvalues of mass matrix M , m 2 in Eq. (30), to be negative. The RGPEP equations imply that m 
This relation describes the basic transformation of quantum degrees of freedom. The complementary field components Ψ t− can be obtained from the constraints they obey. The constraints involve interactions, which in our case are just the mass mixing terms that are linear, not quadratic in the mass parameters. This is where the sign of m 2t appears. Namely,
where the matrix M t is a root of M 2 t . If one writes
the smooth solution for M t that satisfies the initial conditions is given by
where δµ 
where the quantum fieldŝ
both have the FF Fourier expansions at x + = 0 of the form
where l = 1 refers toζ, l = 2 toω, the spinors are u ps (m lt ) = 1
v ps (m lt ) = 1
and the annihilation operators are defined according to Eqs. (D41), (D42), (D43), and (D44). In summary, the quantum field operatorsψ 1t andψ 2t handle the effective fermions of masses m 1t and m 2t that interact through the mass mixing interaction of strength m It . When m 2 > µν, the limit of t → ∞ produces negative m 2t inΨ t and m It → 0 in the Hamiltonian. On the other hand, the sign of the mass term with respect to the momentum dependent terms in the spinors inΨ t can be changed by making a chiral rotation. In the FF representation of γ-matrices, it is visible that chiral rotations turn the spin-up and spin-down +-components of spinor fields by opposite angles and the terms proportional to mass are turned by the angle opposite to the terms that are proportional to p + and p ⊥ . Rotation by angle π/2 changes the sign of the mass terms with respect to the momentum-dependent terms.
It might seem that one could make a chiral rotation of ψ 2t and restore the positivity of the mass term with m 2t as soon as m 2t changes sign as a function of t. However, as long as the mass mixing interaction term with m It is present, the chiral rotation influences the interaction with ψ 1t . Only for t → ∞, when m It vanishes, one can chirally rotate the field ψ 2∞ independently of the field ψ 1∞ , both fields representing physical particles. The strong mass mixing thus produces physical fermions that are chirally rotated with respect to the fermions one starts from.
Effective fermions
The effective quantum field operators ψ 1t and ψ 2t are constructed in Eq. (110) in Sec. III D 2 according to a general scheme for building effective quantum field operators using the RGPEP, see Appendix C. The FF Hamiltonian does not change as a result of re-writing it in terms of the effective fermion operators. The constancy of the Hamiltonian as a whole includes the infinite additive constant dropped in the process of normal ordering. The constant does not depend on t because the range of kinematical momentum variables does not depend on the interaction and is the same for all values of t. However, the mass mixing interaction strength m It decreases when t increases, becoming 0 in the limit t → ∞, where the same Hamiltonian is expressed in terms of the creation and annihilation operators for physical fermions.
The Hamiltonian expressed in terms of the effective quantum fermion fields corresponding to t is characterized by two features. One of them is that the masses m 1t and m 2t differ from the physical masses m 1 and m 2 for as long as t is kept finite instead of being sent to ∞. The other feature is that the interaction term strength m It is different from 0 for as long as t is kept finite. These features of our simple model solution suggest that it may be appropriate also in more complex models, where exact solutions are not known, to keep due mass mixing interactions intact in an effective theory for as long as the effective theory includes any interactions that are capable of contributing to the effective mass mixing parameters. By the same token, it may be misleading to interpret a theory in terms of the degrees of freedom that correspond to a diagonalized mass matrix when the other interactions are present.
When there are more than just two different species of fermions mixed by mass terms, say f different species corresponding to different "flavors" or "families," the RG-PEP leads to equations for matrices of dimension f × f . Such equations do not have known analytic solutions for a general choice of initial conditions but they do have exact numerical solutions that can be found using computers.
IV. CONCLUSION
It has been demonstrated in Ref. [1] that the RGPEP provides a solution to the quantum theory of two kinds of scalar bosons that interact with each other through mass-mixing terms. The solution avoided the divergent vacuum problem of the type that was for a long time considered critical to construction of a relativistic quantum theory of particles and fields [3] . In this article, it is shown that the RGPEP also provides a solution to the FF theory of two kinds of spin-1/2 fermions that interact through mass-mixing terms, avoiding the associated fermion vacuum problem as well.
The differential RGPEP equations for effective mass parameters in the theories of bosons and fermions turn out to have identical forms. However, the same equations lead to qualitatively different solutions in the fermion and boson theories when the mass mixing interactions are strong. The reason is that the initial conditions in these theories are set in different ways. Since the RGPEP does not a priori rely on any perturbative expansion, it can tell us precisely what happens in the theories with arbitrary strength of the interactions.
The 2×2 mass matrix that appears in the scalar bosons theory as an initial condition for the RGPEP differential equations in a suitable operator basis has the form (see
while the analogous initial condition in the fermion theory has the form (see Sec. III C)
In both cases, µ and ν denote the bare masses of initial quanta and m denotes the strength of the mass mixing interaction terms. Once these initial conditions are set, the RGPEP yields exact solutions for the creation and annihilation operators of effective particles and the corresponding masses in the effective Hamiltonians as functions of the scale parameter t. The parameter can take any value starting at 0 and ending at ∞. At the end of the RGPEP evolution, when t → ∞, one obtains quantum Hamiltonians expressed in terms of the creation and annihilation operators for physical particles. The masses squared of the physical bosons and fermions are the eigenvalues of the matrices M are unbounded from below. The fermion theory qualitatively differs from the boson theory because the wrong sign of mass squared never appears in fermion theory. This is a consequence of the fermion constraint equations that are specific to the FF of Hamiltonian dynamics and do not appear in theories of scalar bosons. These constraints produce the diagonal terms m 2 that prevent the off-diagonal mass mixing terms m(µ + ν) from inducing a negative mass squared for fermions no matter how large is m in comparison to µ and ν and what its sign is. In other words, the FF theory of bosons with mass mixing interactions may collapse due to tachyon solutions when the interaction is strong while the FF theory of fermions cannot have tachyon solutions and cannot so collapse.
One can speculate about what may be found when the RGPEP is applied to theories with fermions that include interactions other than the mass mixing. The fermion mass may appear not only quadratically but also linearly in physically relevant interactions. The terms linear in masses can be considerably different from the mass mixing terms in our simple model. For example, fermion masses appear linearly in the photon-electron interaction terms in QED and in quark-gluon interaction terms in QCD. Perhaps the effective masses of lightest fermion species could change sign in the RGPEP due to the interactions if the latter have sufficient strength (considerably greater than in QED). If this happens, the interactions that are linear in the lightest fermion masses and hence sensitive to their signs could go through zero. Thus, the RGPEP could possibly unveil new features of relevant effective theories due to the associated chiral rotations. One might be even forced to limit the range of allowed strengths of interactions. On the other hand, the RG-PEP solutions for the mass mixing in both scalar boson and spin-1/2 fermion theories suggest that interactions of weak strength in comparison to masses can hardly cause harm such as a collapse due to tachyon solutions.
Even if the lessons learned in the elementary models with mass mixing and no other interaction are insufficient to guess the nature of approximate solutions that the RG-PEP may produce in complex theories, both the boson and fermion examples already indicate that the RGPEP is capable of helping in studies of quantum field theories. Some help is certainly needed in generating effective interactions in a FF theory of neutrino oscillations [34] , including generation of the neutrino mass terms. Since the vacuum problem in the IF of dynamics is far from being understood, the RGPEP is of particular relevance as a method of study because it appears prepared to provide new information without changing the trivial nature of the FF vacuum state. This special feature may remain valid even in theories as complex as QCD, if the features typically associated with a complex vacuum in the IF of dynamics are instead associated with a potentially rich structure of the FF effective Hamiltonian operators. Such possibility had been previously suggested in Ref. [8] . If that guess is right, the challenge for the RGPEP is to produce the required counterterms and generate new interaction terms in effective theories. The popular representation of γ-matrices [35] adopted in [9] , is called below the IF representation. The IF representation leads to the FF projection matrices Λ ± = γ 0 γ ± /2 that mix all four components of the Dirac spinors. This Appendix defines the representation of γ matrices, called below the FF representation, in which
In the FF representation, the unconstrained parts of the fermion fields ψ, i.e., ψ + = Λ + ψ, form the two upper components of ψ, and the dependent parts, i.e., constrained by the FF constraint equations, ψ − = Λ − ψ form the two lower components. Thus, the quantum field ψ + can be constructed using only two-component spinor fields as described in Appendix B 3. The same construction is used in the case of quantum fieldsψ + andφ + in Sec. III A.
The forms (A1) of Λ ± do not fully define a representation of the algebra γ α γ β + γ β γ α = 2g αβ . A slightly different representation from the FF one described below was introduced before in the context of FF formulation of QCD in Ref. [36] , Sec. II B, see also [8] , Sec. IV A. The possibility of representing the Dirac fermions with only two-component spinors when one is not interested in the discrete symmetry of parity, is discussed in [10] , p. 221. In the FF of Hamiltonian dynamics, the parity symmetry is dynamical and thus not fully understood in complex theories, due to the lack of precise solutions. In the simple model with interactions limited to the mass mixing, the constraint equations that force ψ − to form a complete spinor field in combination with ψ + can be conveniently solved using the FF representation of γ-matrices. The parity symmetry is then exhibited in the spectrum of solutions for states of physical particles.
The IF representation we start from is (k, l = 1, 2, 3) [9]
Every other choice for the γ matrices can be obtained [37] 
The FF representation is obtained by defining a special U that provides matrices Λ ± of the form (A1) and at the same time transforms IF spinors in a specific way. This way is identified by performing suitable rotations of the conventional elements in spinor basis for physical fermions at rest.
In the IF representation for γ-matrices, the basis for constructing spinors of fermions at rest can be chosen in the form
where C = iγ 2 γ 0 is the charge conjugation matrix with
Action of the projection matrix Λ + on these IF spinors yields u + = Λ + u and v + = Λ + v. Adjusting normalization to u †
This result involves only two linearly independent spinor basis elements,
which can be used as the new elements of spinor basis that are invariant under action of and span the image of Λ + . Acting on the IF spinors at rest with Λ − yields
This result also involves only two linearly independent spinor basis elements,
which can be used as the two complementary new elements of spinor basis which are invariant under action of and span the image of Λ − . The complete new spinor basis is called here the FF basis. Its elements are linear combinations of the canonical basis elements with coefficients that form the four columns of the matrix
Spinors written in terms of their coefficients in the FF basis are marked with the subscript FF.
If an IF spinor is a superposition of the canonical basis elements with coefficients a i , i = 1, 2, 3, 4, one can write
This means that in the FF basis the spinor components are
Since the matrix S is orthogonal,
and
Carrying out the required matrix multiplications, one obtains the following FF representation of the γ-matrices:
with γ k for k = 1, 2, 3 obtained from
Hence,
One also obtains
Eqs. (2.8) in [36] , or (4.6) in [8] define a different representation. For example, the FF matrices γ ± are real instead of imaginary and the roles of σ 1 and σ 2 are changed.
Appendix B: FF construction of spinors
This Appendix defines the spinors that are useful in constructing the FF quantum fields of fermions and solving constraint equations in the model with mass mixing interactions. The spinors are obtained using the FF little group, which belongs to the 2nd class distinguished by Wigner [4] . The little group preserves the null fourvector n (up to a scale) that defines the front hyperplane in space-time through the condition nx = x + = 0, where x denotes the co-ordinates of points in space-time. The subgroup of the Poincaré group that preserves the front hyperplane is also called the group of kinematical symmetries of the FF of dynamics; the group elements do not depend of interactions.
The construction of spinors adopted here draws on Refs. [38] [39] [40] . The resulting notation differs slightly from the one introduced in Ref. [41] in Eq. (A3), due to keeping boost matrices for spinors explicitly the same for fermions and anti-fermions and using the kinematical variable k + 0 instead of a mass parameter, see Eqs. (B18) and (B19) below.
1.
Spinors corresponding to momentum k0
According to Wigner [4] , quantum states of a particle are obtained from one state with some specified kinematical momentum k 0 , by applying to the specified state operators that represent elements of the Poincaré group (we do not discuss discrete transformations). In the FF of quantum theory, in distinction from the IF in which boosts depend on interactions, one can use the FF kinematical subgroup of the Poincaré group to construct a fermion state with arbitrary momentum. This means that the FF allows one to construct the states of moving fermions irrespective of interactions while the IF does not allow for such construction.
Let us introduce two basis states for spin-1/2 fermions with momentum k 0 and different spin projections on the z-axis. Let the kinematical components of the momentum k 0 be k . It would also be natural to assume k + 0 = µ for free fermions at rest with respect to the observer who constructs a theory. However, at the level of defining the quantum fields [10] and before one fully understands implications of the assumed dynamics, it is useful to keep the kinematical quantity k + 0 in the notation. Such notation allows one to separate the kinematical construction of quantum field operators from making assumptions about dynamics.
Let the spinors corresponding to the two selected fermion states have the form
where the matrix S is defined in Appendix A in Eq. (A17) and χ s with s = ±1 is the standard two-component Pauli spinor for states with spin up or down. Namely,
This choice is motivated by the physical meaning of spinors in the IF representation of the γ-matrices considered in Appendix A; χ s corresponds to the spin projection on z-axis equal s /2, irrespective of the value of k + 0 . Similarly, the spinors for two selected basis states of anti-fermions are assumed to have the form
In accordance with Appendix A, when one introduces the two-component spinor for anti-fermions using chargeconjugation matrix C, so that
one obtains
Spinors of fermions with momenta other than k 0 are obtained using a spinor representation of the FF kinematical symmetries.
Spinors for momenta other than k0
Spinors corresponding to states of fermions with momenta other than k 0 are obtained by applying a spinor representation of the Lorentz transformations built using the FF kinematical Poincaré group generators of boosts along z-axis, −J + − /2 = K 3 , and the mixed boostrotations,
Refs. [42, 43] . The required spinor transformations correspond to the Lorentz subgroup of matrices L of the form
, is changed by these matrices irrespective of the value of the mass parameter µ to
2 )/k 
By checking the relations
one can verify that such spinor matrices form a group, as they must as representatives of elements of a subgroup of the Lorentz group. By replacing k 1 and k 2 in Eq. (B13) by k 0 and p, respectively, and using the FF representation of γ-matrices defined in Appendix A, one obtains B(p, k 0 ) = 1
The spinors for fermions of momentum p, irrespective of mass parameters that may be associated with them in a Hamiltonian, are defined as
For free fermions, one could immediately assume that the kinematical parameter k + 0 equals the physical fermion mass that appears in the free fermion Hamiltonian. In the presence of interactions, it is not known prior to solving the theory how the fermion mass parameter that appears in the Hamiltonian is related to the physical fermion mass. The latter situation is exemplified by the model with mass mixing interactions that is solved using the RGPEP in Sec. III. In more complex theories, especially in QCD, which is expected to explain confinement of color, it is important to distinguish between the kinematical quantity k + 0 and any dynamically determined concept of a quark mass µ.
Spinors in quantum fields
The quantum fermion field
on the front x + = 0 can be kinematically composed from their Fourier components using momentum variables p + and p ⊥ . The FF constraint equations in theories of physical interest, including the mass mixing model, cause that the independent fermion degrees of freedom are the Fourier components of the fieldψ + = Λ +ψ . The fieldψ − is related to the fieldψ + through the constraints.
Using the representation of γ-matrices introduced in
4.
Spinor matrix elements
The fermion model with mass mixing involves matrix elements of the form The subscripts 1 and 2 refer to the spin labels and selected momenta k 01 and k 02 for fermions of the type 1 and 2 in construction of their states and the corresponding quantum field operators, respectively. Each of these types can be associated with a mass µ or ν in the Hamiltonian. If a theory contains more types of fermions than two, the subscripts 1 and 2 may each be associated with any mass in the Hamiltonian. Since
the matrix elements can be written as
where B Γ = B(k 01 , p 1 )ΓB(p 2 , k 02 ) .
It is assumed that both k 
For the matrix element for Γ = γ + = 2γ 0 Λ + , one uses
and obtainsū
These matrix elements do not depend on the kinematical parameters k 01 and k 02 used in the FF construction of quantum fields for spin-1/2 fermions. For comparison, one can observe that the matrix element with Γ = 1, relevant to chiral symmetry, does depend on the details of constructing quantum fields. Namely, Note that the FF z-axis is also the direction of motion for a fermion with ⊥ momentum 0 and + momentum different from its mass. Moreover, the ratio r = p + /µ, where µ denotes the fermion mass, tells one in which direction the fermion moves: r > 1 corresponds to motion down and r < 1 to motion against the z-axis. Hence, the same projection s denotes different helicities depending on the ratio r. These observations are included here in order to prevent a confusion of the spin projection s with just one value of helicity irrespective of p + . For the same reason, the interpretation of s as related to helicity depends on the ratio of k + 0 to µ. When the latter depends on the dynamics, one has to be careful in interpreting s in terms of helicity.
where m 1 and m 2 are the fermion eigenvalue masses of Eq. (30) , and
where ϕ is the angle found in Eq. (33) . Thus the RGPEP produces a FF quantum Hamiltonian for the two species of free fermions that were obtained in Sec. II C in the IF of a theory at the price of re-quantization. No such re-quantization is required in the RGPEP.
